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a b s t r a c t
This work presents a computational comparison study of quadratic, cubic, quartic
and quintic splines for solving the modified regularized long wave (MRLW) equation.
Collocation schemes with quadratic and cubic splines are found to be unconditionally
stable. The fourth-order Runge–Kutta method has been used to solve the collocation
schemes when quartic and quintic B-splines are used. The three invariants of motion have
been evaluated to determine the conservation properties of the suggested algorithms.
Comparisons of results due to different schemes with the exact values shows the accuracy
and efficiency of the proposed schemes. Results corresponding to higher order splines are
more accurate than those corresponding to lower order splines.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The modified regularized long wave equation, denoted by MRLW, which has been discussed here is related to the
generalized regularized long wave equation, denoted by GRLW, and the generalized Kortweg–de Vries equation, denoted
by GKdV [1,2], and is based upon the regularized long wave equation, denoted by RLW [3,4]. Although the GRLW equation
transforms into the GEW equation under uGRLW → uGEW − 1, the corresponding solutions of the GRLW equation cannot be
obtained from those of theGEWequation using this transformation as the boundary conditions in the two cases are different.
All the generalized equations are nonlinear wave equations with (q+1)th nonlinearity and all have solitary solutions which
are pulse like. In previous work [5–10] the RLW equation is solved by various methods such as finite difference methods,
finite element methods including collocation methods with quadratic, cubic and septic B-splines. In [11,12] Khalifa et al.
have solved the MRLW equation by using the finite difference method and the collocation method using cubic B-splines.
Indeed the RLW equation is a special case of the GRLW equation which has the form
ut + ux + δuqux − µuxxt = 0, (1)
where q is a positive integer and δ and µ are positive constants that describe the behavior of the undular bore. This
equation is very important in physics since it describes phenomena with weak nonlinearity and dispersion waves including
nonlinear transversewaves in shallowwater, ion acoustic andmagnetohydrodynamicwaves in plasma, and phonon packets
in nonlinear crystals. Their solutions are kinds of solitary waves named solitons whose shapes are not affected by collision.
In this work we consider another special case of the GRLW equation called the modified regularized long wave MRLW
equation in which q = 2. This equation will be solved by using the collocation method with quadratic, cubic, quartic, and
quintic B-splines. The suggested methods are shown to represent accurately the single solitary wave.
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2. The governing equation
The MRLW equation in the form [11–13]
ut + ux + 6u2ux − µuxxt = 0, (2)
where subscripts t and x denote differentiations is considered with the boundary conditions u → 0 as x → ±∞. In this
work periodic boundary conditions on the region a ≤ x ≤ b are assumed to be in the form
u(a, t) = β1, u(b, t) = β2,
ux(a, t) = 0, ux(b, t) = 0.
}
, t > 0. (3)
The exact solution of this equation can be written as
u(x, t) = √c sech[p (x− (c + 1)t − x0)], (4)
with p =
√
c
µ(c+1) , and x0, and c are arbitrary constants. Eq. (2) possesses only three invariant constants of motion
corresponding to conservation of mass, momentum and energy given by [13]
I1 =
∫ b
a
u(x, t) dx,
I2 =
∫ b
a
(
u2(x, t)+ µu2x(x, t)
)
dx,
I3 =
∫ b
a
(
u4(x, t)− µu2x(x, t)
)
dx.

(5)
3. The collocation solution
In this section the collocation method is applied to study the MRLW equation and the computational schemes due
to different splines are utilized. Second-order methods are considered and the central difference operator for the time
derivatives is used so that the generated schemes are of second-order accuracy in space and time. Numerical algorithms
of fourth-order accuracy are also considered and the fourth-order Runge–Kutta method is used for the time derivatives so
that the generated schemes are of fourth-order accuracy in space and time.
3.1. Quadratic and cubic schemes
The approximation solution is considered to be of the form
u(x, t) =
∑
i
Ci(t)Bi(x), (6)
where Ci(t) are functions of t to be determined at each time level and Bi(x) are the quadratic or cubic splines. Then the
discretized equations for space derivatives are as follows:
∑
i
(
Bi(x)− µB′′i (x)
)
C˙i(t) = −
1+ 6(∑
i
Ci(t)Bi(x)
)2∑
i
Ci(t)B′i(x), (7)
where x takes the values at the selected collocation points. From these equations a system of first-order ordinary differential
equations can be obtained in the form
AC˙(t) = B(C)C(t), (8)
and substituting the central difference approximation for C˙(t), it follows that
A
(
Cn+1 − Cn−1) = 2kB(C)Cn, (9)
where Cn = C(tn). The system (9) requires two initial time levels at t = 0 and t = k. The boundary conditions are taken to
be zero at two points of x: one to the right and the other to the left of the soliton solution where the values of u are small
enough. In the following part some stability analyses for the two schemes are considered.
3.2. Stability analysis
The Fourier method is applied to investigate the stability of the two schemes assuming u in the nonlinear term as a
constant. This enables one to discuss the stability in the linearized sense [14]. The same approach is used to determine the
stability of the two schemes.
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Quadratic spline:
In the case of applying the Von Neumann stability theory, the growth of the Fourier mode takes the form
Cnj = εˆneikjh, (10)
where k is themode number and h is the element size which will be determined for a linearization of the numerical scheme.
Substituting Eq. (10) in the system (9) gives
εˆn+1 = g εˆn, (11)
and then
g2 + 4k(1+ 6u
2) sin θ
h(β + 2α cos θ) gi− 1 = 0, (12)
where θ = kh, β = − 32 + 4δh2 , and α = − 14 − 2δh2 are numerical values and h and k are small. Then Eq. (12) can be written as
g2 + 2gi sin η − 1 = 0. (13)
From this equation the roots can be determined which must take the forms g1 = e−iη and g2 = −eiη . Therefore
|g1| = |g2| = 1 and the scheme is unconditionally stable.
Cubic scheme:
Applying the same approach for the cubic scheme one can get
g2 + 6k(1+ 6u
2) sin θ
h
(
2+ cos θ − 6δ
h2
(cos θ − 1)
)gi− 1 = 0. (14)
As in the quadratic case, h and k are assumed to be small enough; then Eq. (14) can be written as
g2 + 2gi sinφ − 1 = 0. (15)
Thus g1 = e−iφ and g2 = −eiφ . Hence |g1| = |g2| = 1 and the numerical scheme is unconditionally stable.
3.3. Quartic and quintic schemes
In this section we used the quartic and quintic splines for the space variable. Then we obtain a system of first-order
ordinary differential equations in the form
∂C
∂t
= f (C). (16)
To obtain a numerical solution for the last system we use the fourth-order Runge–Kutta method
k1 = ∆tf (Cn),
k2 = ∆tf (Cn + 0.5k1),
k3 = ∆tf (Cn + 0.5k2),
k4 = ∆tf (Cn + k3),
 (17)
and hence calculate
Cn+1 = Cn + 1
6
(
k1 + 2k2 + 2k3 + k4
)
. (18)
The time evolution of the approximate solution u(x, t) is determined from the vector Cn which is found by repeatedly
applying the above procedure after having the starting vector C0 computed from the initial condition. Note that this
numerical algorithm is of fourth-order accuracy in both h and k.
4. Numerical experiments
In this section we present some numerical experiments for finding the numerical solutions of single solitary waves and
investigate the interaction solution of two solitons. For the motion of a single wave the MRLW equation has the following
analytic solution:
u(x, t) = √c sech
[√
c
c + 1 (x− (c + 1)t − x0)
]
. (19)
For computational work we take c = 0.01, and 0.05 and x0 = 40. For the quadratic B-splines the conservation properties
and the L2-error as well as the L∞-error norms have been given in Tables 1 and 2 for various values of the time level t .
K.R. Raslan, S.M. Hassan / Applied Mathematics Letters 22 (2009) 984–989 987
Table 1
Invariants and error norms obtained by using quadratic B-splines for the MRLW equation (c = 0.01).
t I1 I2 I3 L2-error L∞-error
0 3.079077 0.2015065 6.787543E−04 7.450581E−09 2.083021E−08
3 3.074942 0.2014720 6.791877E−04 1.729587E−04 2.165997E−04
6 3.063686 0.2013664 6.802130E−04 4.865038E−04 7.024217E−04
9 3.045785 0.2011724 6.828978E−04 8.618083E−04 1.435764E−03
12 3.016622 0.2007289 6.861963E−04 1.208399E−03 2.372511E−03
15 2.977778 0.2000821 6.948480E−04 1.480631E−03 3.372130E−03
Table 2
Invariants and error norms obtained by using quadratic B-splines for the MRLW equation (c = 0.05).
t I1 I2 I3 L2-error L∞-error
0 3.218496 0.4655299 8.002940E−03 1.490116E−08 2.956301E−08
2 3.218438 0.4655389 8.003409E−03 3.848970E−05 9.335925E−05
4 3.218203 0.4655456 8.003737E−03 8.116663E−05 1.901995E−04
6 3.217739 0.4655524 8.004072E−03 1.247525E−04 2.913040E−04
8 3.216943 0.4655593 8.004460E−03 1.633614E−04 3.867380E−04
10 3.215653 0.4655665 8.004883E−03 1.992881E−04 4.811561E−04
Table 3
Invariants and error norms obtained by using cubic B-splines for the MRLW equation (c = 0.01).
t I1 I2 I3 L2-error L∞-error
0 3.082126 0.2015200 6.768960E−04 7.450581E−09 2.406798E−08
3 3.070827 0.2014977 6.445106E−04 2.826905E−03 4.266562E−03
6 3.052212 0.2014133 5.879264E−04 2.702582E−03 5.479870E−03
9 3.029935 0.2014440 4.787687E−04 2.703217E−03 6.859213E−03
12 2.992301 0.2010612 3.102160E−04 4.269761E−03 8.083726E−03
15 2.951363 0.2010648 5.822624E−05 6.602492E−03 9.712135E−03
Table 4
Invariants and error norms obtained by using cubic B-splines for the MRLW equation (c = 0.05).
t I1 I2 I3 L2-error L∞-error
0 3.218511 0.4655310 8.001323E−03 1.490116E−08 2.281625E−08
2 3.218232 0.4655299 8.001233E−03 1.090940E−04 1.466566E−04
4 3.217924 0.4655257 8.000960E−03 1.471771E−04 2.569970E−04
6 3.217379 0.4655209 8.000604E−03 2.062092E−04 3.796415E−04
8 3.216518 0.4655171 8.000107E−03 3.009578E−04 4.997517E−04
10 3.215189 0.4655136 7.999173E−03 4.538113E−04 6.258869E−04
Table 5
Invariants and error norms obtained by using quartic B-splines for the MRLW equation (c = 0.25).
t I1 I2 I3 L2-error L∞-error
0 3.512403 1.192569 1.118034E−01 4.114969E−08 2.980232E−08
2 3.512405 1.192569 1.118033E−01 4.532367E−06 3.069639E−06
4 3.512403 1.192568 1.118031E−01 7.692817E−06 4.082918E−06
6 3.512406 1.192568 1.118030E−01 9.876020E−06 4.619360E−06
8 3.512404 1.192566 1.118028E−01 1.159563E−05 5.036592E−06
10 3.512406 1.192566 1.118026E−01 1.302204E−05 5.513430E−06
For the cubic B-splines and for the same values of the parameters, the conservation properties and the L2-error as well
as the L∞-error norms have been given in Tables 3 and 4 for various values of the time level t .
The same single soliton has been solved by using quartic B-splines for the same values of the parameters δ, µ and q,
chosen as before. The invariant values I1, I2 and I3 and the L2-error and L∞-error norms for c = 0.25 have been reported in
Table 5. Fig. 1 depicts two single solitons which are generated by using the quartic B-spline collocation method at t = 0 and
t = 10.
Again, the values of invariants and error norms have been computed by using quintic B-splines for c = 0.25 and these
are reported in Table 6. Fig. 2 depicts a single soliton which is generated by using the quintic B-spline collocation method at
t = 10.
Here we are going to give a comparative study of the two error norms in all cases, quadratic, cubic, quartic and quintic
splines, in Table 7. It is clear from the table that results corresponding to higher order splines are more accurate than those
corresponding to lower order splines.
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Fig. 1. Quartic B-spline at times t = 0 and t = 10.
Table 6
Invariants and error norms obtained by using quintic B-splines for the MRLW equation (c = 0.25).
t I1 I2 I3 L2-error L∞-error
1 3.512408 1.192500 1.118728E−01 1.937570E−06 1.341105E−06
2 3.512404 1.192499 1.118727E−01 3.618724E−06 2.145767E−06
4 3.512406 1.192499 1.118726E−01 6.432900E−06 3.665686E−06
6 3.512404 1.192498 1.118724E−01 8.561294E−06 4.351139E−06
8 3.512405 1.192497 1.118723E−01 1.042450E−05 5.096197E−06
10 3.512403 1.192497 1.118721E−01 1.207420E−05 5.692244E−06
Fig. 2. Quintic B-spline at time t = 0.
Table 7
Error norms for single solitary waves (c = 0.25, h = k = 0.2, 0 ≤ x ≤ 100) at t = 10.
Spline L2-error norm× 103 L∞-error norm×103
Quadratic 4.324853 8.718338
Cubic 4.862845 9.820179
Quartic 0.01302204 0.00551343
Quintic 0.01207420 0.005692244
5. Discussion and conclusion
The methods used prove to be very efficient and easy to program and manipulate on digital computers. The increase of
the order of the spline increases the accuracy of themethod. The collocation schemesmentioned in this work aremarginally
stable. Our schemes have been testedwith a single solitary wave, for which the exact solution is known for comparison. This
work could be extended to discuss the interaction of more than one soliton as well as other special cases of the problem.We
conclude that the algorithm may, with confidence, be used for simulation of nonlinear partial differential equations whose
exact solutions are not known.
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